Abstract-We study the effect of outdated channel estimation on the outage performance of amplify-and-forward (AF) relay selection, where only one out of the set of available relays is activated. In particular, we derive closed-form expressions for the outage probability of two variations of AF relay selection, namely best relay selection and partial relay selection, when the selection is based upon outdated channel estimates. Numerical results manifest that the outage performance of both schemes under consideration is highly dependent on the level of imperfection of the channel estimates. It is further shown that it may be preferable, in terms of outage probability, not to include links in the relay selection process that experience high maximum Doppler shifts.
I. INTRODUCTION
Various cooperative relay schemes have been explored in the literature because their deployment in wireless networks has the potential of offering a number of significant performance benefits, including hotspot throughput improvements and cellular signal coverage enhancements [1] . As a result, future mobile broadband communication networks such as 3GPP LTEAdvanced, IEEE 802.16j, and IEEE 802.16m are expected to support relay based communication [2] . Relays in wireless networks can be classified as decode-and-forward (DF), where the relay decodes and sometimes re-encodes the information before forwarding it, and amplify-and-forward (AF), where the relay forwards the signal without hard decoding.
The advantages of cooperative diversity come at the expense of a loss in spectral efficiency since the source and all the relays must transmit in orthogonal channels [3] . The inefficient utilization of the channel resources can be mitigated by using relay selection. One such scheme is the best relay protocol proposed in [4] . In this scheme, a single best relay is selected to retransmit to the destination. Hence, only two orthogonal channels (regardless of the number of relays) are required in this case. It was also shown in [4] that by selecting the relay with the best end-to-end path between the source and the destination, a diversity gain on the order of the number of relays in the network can be realized. However, in some applications such as resource-constrained ad hoc and sensor networks, monitoring the connectivity among all links can limit the network lifetime. Such challenges have motivated the development of partial relay selection schemes, which require channel state information (CSI) of only the source-relay links, or alternatively, only the relay-destination links [5] .
Despite the rich body of literature on relay selection schemes (see, e.g., [4] - [11] and the references therein), the performance of best AF relay selection considering outdated CSI has not been investigated, to the best of the authors' knowledge. Nevertheless, the outdated CSI case is of significant interest because the CSI is rarely perfect in practice. To this end, in this paper we provide closed-form expressions for the outage probability for the AF best relay selection and the partial relay selection schemes, described above. Such analysis leads to interesting numerical results, which indicate that the performance of relay selection is highly dependent on the available knowledge regarding the CSI of the participating links. In addition, it is shown that partial relay selection may outperform best relay selection in cases where the maximum Doppler frequency in either the source-relay or the relay-destination links is higher than a certain threshold.
II. SYSTEM MODEL
We consider the cooperative relaying setup illustrated in Fig.  1 , which consists of a single source terminal S, N relays denoted by R i , i = 1, ..., N , and a single destination terminal, D. All relays operate in the half-duplex amplify-and-forward (AF) mode; they also employ the so-called CSI-assisted variable gain, where the relaying gain depends on the instantaneous channel amplitude of the corresponding S-R i link. The fading in all S-R i and R i -D paths is assumed independent and identically distributed according to the Rayleigh distribution. In addition, no direct S-D link is assumed, hence the communication between S and D is implemented only via the relaying terminals. We denote the circularly symmetric complex Gaussian channel gain between nodes A and B as h AB ; we use the notation γ AB to refer to the instantaneous signal-tonoise-ratio (SNR) of link A-B, so that
where we have assumed for simplicity that all nodes transmit with unit power and N 0 represents the additive white Gaussian noise (AWGN) power. Moreover, we use the notations f X (·) and F X (·) to refer to the probability density function (pdf) and the cumulative density function (cdf) of random variable (RV) X , respectively. Among the N available relays only a single relay, as selected through a procedure based on the highest instantaneous SNR, is supposed to forward the signal transmitted by source, S, to destination, D. Selecting the "best" relay from the set of available ones results in a somewhat opportunistic usage of the relays, as also pointed out in [4] . The decision on the selected relay is assumed to be made in a central unit (CU), which collects all the information regarding the instantaneous channel 978-1-4244-5638-3/10/$26.00 ©2010 IEEE states and feeds back the result of the selection process to the relays.
In contrast to the majority of works on CSI-assisted AF relays, in this paper, we assume that the CU has outdated CSI, in the sense that the decision regarding the "best" relay does not correspond to the current time instance because of, e.g., feedback delay. Therefore, denoting byĥ SRi andĥ RiD the partially known channels of the S-R i and R i -D links at the time of selection, we model the outdated CSI that the CU has for the ith relay as [12] , [13] 
where w SRi and w RiD are circularly symmetric complex Gaussian RVs having the same variance as RVs h SRi and h RiD , respectively; ρ 1 (ρ 2 ) is the correlation coefficient between h SRi andĥ SRi (h RiD andĥ RiD ), which using the Jakes' autocorrelation model is given by 
where we have assumed that the CSI at the relay and the destination is perfect, regarding the selected path; in other words, although there exists outdated CSI at the CU, this outdated CSI does not affect the detection process at the destination, nor the CSI-assisted gain posed by the activated relay.
It is further assumed that there exists symmetry among the S-R i and R i -D links, in the sense that the fading on the S-R i links is independent and identically distributed (i.i.d.), so that the average SNR in all the S-R i links is given byγ SR ; the R i -D links are also assumed to be i.i.d., with average SNR denoted byγ RD . Hence, due to symmetry, the pdfs of γ SRi and γ RiD , i = 1, ..., N , are denoted by f γSR (·) and f γRD (·), respectively; the cdfs of γ SRi and γ RiD are likewise denoted by F γSR (·) and F γRD (·), respectively. Moreover, we assume that the direct S-D channel is weak enough, as compared to the selected relaying path, so as to be considered negligible.
A. Best Relay Selection
In this paper we use the term "best relay selection" to refer to the case where the decision on the selected relay is determined by both the S-R i and R i -D links. In particular, we assume that the relay with the strongest "bottleneck" link is selected. Hence, the end-to-end SNR that the CU assumes based upon an outdated estimation is given by [4] 
whereγ AB denotes the estimate of γ AB . The CU thus activates the relay that satisfies the following condition
B. Partial Relay Selection
In cases where the CU has information only of either the S-R i or the R i -D path, the selection procedure is modified accordingly so that only one of the above links is taken into account. In the sequel, partial relay selection will refer to the case where only the S-R i CSI is available; the selected relay is thus determined by [5] 
Apparently, the analysis can be easily extended to the case where only R i -D CSI is available.
III. OUTAGE PROBABILITY
The outage probability is defined as the probability that the system cannot support a target data rate, which is equivalent to the probability that the overall SNR is lower than a threshold, γ T ; this threshold is related to the target rate r through γ T = 2 2r − 1. Consequently, we may express the outage probability as
In order to obtain the system's outage probability, we need to find the cdf F γ k (γ). We proceed further and express this cdf as
978-1-4244-5638-3/10/$26.00 ©2010 IEEE Splitting the integration interval in (9) into [0, γ T ) and [γ T , ∞) and after applying some algebraic manipulations, F γ k (γ T ) can be expressed as
Hence, in order to find the outage probability we need expressions for the functions F γSR k (·) and f γR k D (·). In the following two subsections, we derive these expression separately for the best relay selection and the partial relay selection case, respectively.
A. Best Relay Selection
In this case, the relay selection is as in (7), hence the statistics of the S-R k and R k -D links are determined by both the S-R i and R i -D, i = 1, ..., N , links. Due to the fact that the distributions of γ SRi andγ SRi are correlated exponential distributions, their joint pdf is given by [12] 
The pdf of the SNR of the source-relay part of the selected path, γ SR k , is given by
Then, given the fact the γ SRi , as well asγ SRi , i = 1, ..., N , are i.i.d. RVs, the conditional pdf f γSR i |γSR i (·|·) is identical for each i = 1, ..., N , and expressed as f γSR|γSR (·|·). Moreover, it follows from the theory of the concomitants of order statistics that also the conditional pdf f γSR k |γSR k (·|·) is identical to f γSR|γSR (·|·) [15] , yielding
where fγ SR (y) = (1) share the same statistics. Therefore, substituting (11) into (13) we obtain
The cdf ofγ SR k , Fγ SR k (·), is derived as follows. Due to symmetry among the N end-to-end paths
holds. Considering that the "best" relay is selected according to (6) and (7), it is the weakest of the S-R i , R i -D links, as estimated at the CU, which determinesγ i , i = 1, ..., N . Therefore, we can express the probability Pr {k = i |γ SRi = y } in (15) as the summation of two mutually exclusive events, corresponding to the cases whereγ SRi <γ RiD andγ SRi <γ RiD , yielding
where, because of symmetry, the index i may take any value of the set {1, ..., N }. Given thatγ SR andγ RD follow the same distribution as γ SR and γ RD , respectively, the cdf of
. Consequently, we obtain
The inner integral in the first line of (16) is evaluated as
Likewise, we may express the first line of (16) as
and the second line of (16) as
Hence, combining (16)-(20) we get the cdf ofγ SR k as
. (21) 978-1-4244-5638-3/10/$26.00 ©2010 IEEE The pdf ofγ SR k is derived by differentiating (21), yielding
As a result, we may evaluate the pdf of γ SR k by substituting (14) and (22) into (12), yielding
The cdf of γ SR k can be derived directly from (23) as
Furthermore, the pdf of γ R k D is derived from (23), due to symmetry, by mutually interchangingγ SR andγ RD , while substituting ρ 1 with ρ 2 . Hence, the outage probability of best relay selection is derived by substituting (24) and f γR k D (·), as taken from (23), into (10) . Then, applying the change of variables, ω = y − γ T , and making use of the integral
where K 1 (·) is the first order modified Bessel function of the second kind, the outage probability is derived as shown in (25) given at the top of the next page. One may also note that, despite its length, (25) can be readily evaluated since it involves simple algebraic calculations, while the function K 1 (·) is included in the majority of mathematical software packages.
B. Partial Relay Selection
In this case, given that the relay selection is implemented according to (8) the pdf ofγ SR k is given by
Moreover, the pdf ofγ R k D is the exponential distribution with average valueγ RD , since the R i -D, i = 1, ..., N , links are not taken into account for relay selection. Consequently, f γSR k (·) is obtained by substituting (14) and (26) into (12), yielding
while F γSR k (·) is given as
(28) Therefore, an expression for the outage probability is obtained from (10) , in conjunction with (28), yielding
IV. NUMERICAL RESULTS AND DISCUSSION
In this section, we illustrate the effects of outdated CSI on the outage performance of the best relay selection and partial relay selection schemes. It is noted that all curves provided in Figs. 2-4 were confirmed by simulations (not shown here).
In Fig. 2 the outage probability of best relay selection for different correlation coefficients ρ 1 and ρ 2 is depicted versus the normalized average SNR of the S-R and R-D links; the normalization is with respect to the outage threshold SNR, γ T , which is our examples equals unity. The number of available relays is N = 3, while all participating links are assumed to be symmetrical, so thatγ SRi =γ RiD , i = 1, 2, 3. The main result extracted from Fig. 2 is that outdated CSI at the CU significantly affects the outage performance of best relay selection, since the corresponding outage curves highly depend on the values of ρ 1 , ρ 2 . As expected, when either ρ 1 or ρ 2 deviate from unity the diversity order of best relay selection drops to one, whereas the diversity order equals the number of available relays in the perfect CSI case (i.e., ρ 1 = ρ 2 = 1). One may note that this deviation from the perfect CSI case in terms of diversity order is evident even when these correlation coefficients take relatively high values, e.g., ρ 1 = ρ 2 = 0.95. Using the Jakes' model in (3), we infer that ρ 1 = ρ 2 = 0.95 corresponds to updating the channel estimates in a rate which is greater than or equal to 14f d,SR (= 14f d,RD ) which, for the typical case where a mobile transceiver operating at the frequency of 1.8GHz is moving at a speed of 50km/h, corresponds to a time interval between consecutive estimations of about 700μ sec. We further note that, due to symmetry, the 978-1-4244-5638-3/10/$26.00 ©2010 IEEE
effect of outdated estimates for the S-R i links on the overall outage performance is identical to that of the R i -D links, so that the outage curves of the cases where (ρ 1 , ρ 2 ) = (0.5, 1) and (ρ 1 , ρ 2 ) = (1, 0.707) coincide with the (ρ 1 , ρ 2 ) = (1, 0.5) and (ρ 1 , ρ 2 ) = (0.707, 1) curves, which are shown in Fig. 2 .
Similar conclusions regarding the performance of partial relay selection under various levels of outdated CSI can be extracted from Fig. 3 . Nevertheless, one may observe that the diversity order of partial relay selection is equal to unity, regardless of the value of ρ 1 . This is due to the intrinsic drawback of partial relay selection in terms of diversity order, as compared to the best relay selection scheme, where the lack of CSI knowledge of either the S-R or the R-D link renders partial relay selection incapable of taking full advantage of the inherent diversity potential. To this end, it is pointed out that although in the best relay selection case any slight deviation from perfect CSI knowledge results in a significant outage performance degradation, the partial relay selection outage probability is affected to a much lesser extend when ρ 1 = 1. As a cross check, one may notice from Figs. 2 and 3 that the outage performance of best relay selection with ρ 1 = ρ 2 = 0 coincides with that of partial relay selection with ρ 1 = 0.
Interesting results regarding the relative outage performances of best relay selection and partial relay selection are derived from Fig. 4 . In Fig. 4 , the outage probabilities of the above schemes are plotted versus ρ 2 , which represents the correlation coefficient between the actual channel gain of the R i -D links and the corresponding channel estimate, assuming γ T = 1 and N = 3. Moreover, in Fig. 4 we have set ρ 1 = 1, implying that the S-R i channel estimates are perfectly updated, which may correspond to the downlink of the practical relaying application where fixed (infrastructure-based) relays are employed. It is also noted that similar results are obtained for ρ 1 < 1; however, those results are omitted here for brevity. In fact, we observe from outage probability, and vice versa. To be more precise, since the ρ 2 parameter is defined as ρ 2 = J 0 (2πf d,RD T d ), for the particular scenario where the value of ρ 1 is fixed the relative performances of best and partial relay selection are actually determined by the maximum Doppler frequency of the R i -D links. Therefore, from a system designer's perspective, given a maximum allowable value of channel estimation repetition rate, it is preferable to include the R i -D SNR in the relay selection process only if the maximum Doppler frequency of the R i -D links is lower than a given threshold. This threshold is determined by the values ofγ SR andγ RD , through (3) and Fig. 4 .
